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where (' is the closed boundary

of the semicircle For any p > 1, the ~°
semicircle incloses the singular point z = 1
and no others; the residue of the integrand at z = 7 is
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Then the value of the contour integral is 27i(1/2i) = .

Let us write the integral in two parts:

(1) an integral along the x axis from —p to p; for this part z = x

(2) an integral along the semicircle, where z = pe®?
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We know that the value of the contour integral is m no matter how large p becomes
since there are no other singular points besides z = ¢ in the upper halt-plane. Let
p — o0; then the second integral on the right in ( 2 ) tends to zero since the
numerator contains p and the denominator p*. Thus the first term on the right
tends to 7 (the value of the contour integral) as p — oo, and we have
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This method can be used to evaluate any integral ot the form
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if P(x) and Q(x) are polynomials with the degree of @) at least two greater than
the degree of P, and if Q(z) has no real zeros (that is, zeros on the x axis). If the

integrand P(x)/Q(x) is an even function, then we can also find the integral from 0
to oc.

dx
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On semicircle

We consider the contour integral 2 = peif
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The singular pointinclosed is again 2z = 1,
and the residue there is
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The value of the contour integral is 2wi(1/2ie) = w/e

tends tozero as p — o0
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along upper half
of z = pe'?

o] = |67 = el = e < 1

since y > 0 on the contour we are considering.



Since |e*| < 1,the integral along the semicircle tends to

zero as the radius p — o
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taking the real part of both sides of this equation
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Since the integrand (cosx)/(1 + 2°) is an even function,
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in the upper halt-plane if all the tollowing requirements are met:

1M Z

1. P(z) and Q(x) are polynomials, and

2. Q(x) has no real zeros, and

3. the degree of Q(x) is at least 1 greater than the degree of P(x), and m > 0.
/ gg% e!™* > around the semicircle tend to zero as p — oc.

By taking real and imaginary parts, we then find the integrals
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